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Project Activity :
Trigonometry
	TOPIC
	Unit Circle

	GOALS
	Explore Degree and Radian Measure

Explore x- and y- coordinates on the Unit Circle

Investigate Odd and Even functions

Investigate the relationship of Cofunctions

Examine how trigonometric functions are periodic (cyclic)



	MATERIALS
	Project Response Sheet



BACKGROUND
For these activities, you will be investigating the Unit Circle.  You will examine the degree and radian measures of angles.  Note:  180( = ( radians.  You will be discovering the x- and y- coordinates on the circle for specific angles.  You will use some geometry of triangles and the Pythagorean Theorem to derive certain measures.  You will use symmetry to label coordinates on the Unit Circle as well as to examine the odd and even trigonometric functions.   


DIRECTIONS
Examine the Unit Circle on the Cartesian Plane  



(Unit Circle:  Circle centered at the origin whose radius is of length 1)

Activity 1.  Labeling Degree and Radian Measures on the Unit Circles
A. You are given two Unit Circles:  Circle A and Circle B.  

Notice that each Quadrant is 90(.  What is the radian equivalent to this angle?  ___________  

Notice that in Circle A, the angle in each Quadrant bisects the Quadrant in which it exists. 

Notice that in Circle B, the angles in each Quadrant trisect the Quadrant in which they exist.  

The angles should increase by the same angle measure around the entire circle.  

B. For each circle, write in the angle measures in both radians and degrees for all angles.  Be sure to label the angles in a counterclockwise direction, starting with 0(=0 radians as the positive x-axis.

C. Examine the two circles.  Be sure that the measures on each of the circles make sense.

D. For Circle A, what degree measure does each angle increase by?  _____________  
What radian measure does each angle increase by?  ______________  
E. For Circle B, what degree measure does each angle increase by?  _____________ 
What radian measure does each angle increase by?  ______________ 

F. How many degrees are there in one full revolution of a circle?  ______________
How many radians are there in one full revolution of a circle?  ______________ 
Activity 2.  Finding the x- and y- coordinates for each angle at the axes and in Quadrant I
A. Consider the Unit Square, meaning a square whose sides are all of an equal length of 1.  The diagonal bisects the square into two equal triangles, each of which is called a right isosceles triangle.  We will examine one of these triangles.  

1. You are given a Unit Square.  Draw a diagonal bisecting it, and then, next to it draw one of the right isosceles triangles created 

 within it.  Label the known lengths of the sides on each figure.
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2. What are the angle measures of the right isosceles triangle? _______________  Explain above how you determined those measures.  

 Label these measures accordingly inside the triangle that you have just drawn.

3. Now use the Pythagorean Theorem (a2 + b2 = c2) to find the length of the hypotenuse of the right isosceles triangle.  

 The hypotenuse is the longest side of a right triangle.  Label that length on the triangle.

4. The hypotenuse of the right isosceles triangle is which part of the Unit Square?  ______________

5. Similar triangles are triangles whose corresponding angles equal and whose corresponding sides are in proportion.  Below are drawn two right isosceles triangles.  The first triangle comes from the Unit Square, as the one you were examining above.  Label the lengths of its two sides and the length of its hypotenuse.  The second triangle is similar to the first, but it has been scaled to be smaller.  More specifically, each side and the hypotenuse were scaled so that the hypotenuse is of length 1.  

Find the lengths of the second triangle.  In other words, multiply each side and the hypotenuse of the first triangle by a constant (a scalar).  Think about what scalar is needed.  (For instance, if you have a length of 5 and you need to have a length of 1, what do you multiply by?)  Rationalize any denominators accordingly.
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6. Now, consider a square for the scaled right isosceles triangle whose hypotenuse is of length 1.  (In other words, you have half of the square.)  Use your triangle to draw this square with a diagonal also drawn.  Label the lengths of the sides of the square and the length of its diagonal.
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7. Consider the following figure. 

Note:  The diagonal of the square is the radius of the circle.

8. If the given figure is a Unit Circle, then what is the length of the diagonal of the square?  __________

 Label the lengths of the square that lie on the x- and y- axes accordingly. 

9. Since the left bottom corner of the square sits at the origin (0,0), what are the coordinates of the right top corner of the square (the 

 point that sits in Quadrant I)?  _______________
Label this point on the figure above.

10. What is the angle measure created by the diagonal of the square from the positive x-axis in degrees and radians? __________

 Draw in this angle and label its measure in the figure above.

 B. Now, consider the Unit Equilateral Triangle, a triangle whose sides are all of equal length of 1 and whose angles are all of equal measure of 60(.  The altitude (height) of this triangle is drawn from one corner of the triangle to its opposite side, the base of the triangle, meeting the base perpendicularly.  The altitude bisects the angle from where it is drawn as well as the base side that it connects to.  This bisection creates two similar right triangles.  We will examine one of these triangles.  

Recall:  The sum of the interior angles of any triangle is 180(.

1. You are given a Unit Equilateral Triangle.  First, draw in its altitude.  Then, draw one of the two right triangles that are created by 

 the altitude next to it.  Label the known lengths of each of the figures. 
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2. What are the angle measures of the right triangle created above? _________________  

 Label these measures accordingly inside the triangle that you have just drawn.

3. What is the length of the base of the right triangle?  ____________  

What is the length of the hypotenuse of the right triangle?  ____________

4. Redraw the right triangle below.  Use the Pythagorean Theorem to find its altitude.  Label the lengths of the sides and the length of the hypotenuse on the triangle.
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5. Consider the following figure. 

Note:  The hypotenuse of the right triangle is the radius of the circle.

6. If the figure is a Unit Circle, then what is the length of the hypotenuse?  ___________

Use the right triangle that was derived from the Unit Equilateral Triangle to label the lengths of the sides of the right triangle accordingly. 

7. Since the left bottom corner of the right triangle sits at the origin (0,0), what are the coordinates of the right top corner of the right 

triangle, the point where the right triangle intersects the Unit Circle in Quadrant I?  _______________  

Label this point on the figure above.

8. What is the angle measure created by the hypotenuse of the right triangle from the positive x-axis in degrees and radians?  _______

 Draw in this angle and label its measure in the figure above.
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9. Consider the following figure. 

Note:  The hypotenuse of the right triangle is 

still the radius of the circle.  The right triangle is the same 


right triangle as before, but it is rotated to be sitting 


differently inside the Unit Circle now.

10. Label the lengths of the sides of the right triangle accordingly. 

11. Since the left bottom corner of the right triangle sits at the origin (0,0), what are the coordinates of the right top corner of the right 

triangle, the point where the right triangle intersects the Unit Circle in Quadrant I?  _______________

Label this point on the figure above.

12. What is the angle measure created by the hypotenuse of the right triangle from the positive x-axis in degrees and radians?  ______

   Draw in this angle and label its measure in the figure above.

C. Now, use the coordinates that you found in the preceding figures to label the x- and y- coordinates of the angle in Quadrant 

I on Circle A and to label the x- and y- coordinates of the angles in Quadrant I on Circle B.

D. Remember that the Circle A and Circle B are both Unit Circles.  What does that tell you about the points where the Unit Circle intersects the x- and y- axes on the Cartesian Plane?  (In other words, what are those points?)

E. Label the x- and y- intercepts on both circles.  

Activity 3.  Find the x- and y- coordinates for each angle in Quadrants II, III, and IV.

Note:  The equation for the Unit Circle is x2 + y2 = 1.

Recall:  
When both ((x, y) and (x, y) are on a graph, you have y-axis symmetry.

When both (x, (y) and (x, y) are on a graph, you have x-axis symmetry.

When both ((x, (y) and (x, y) are on a graph, you have symmetry about the origin.

A. Use the equation for the Unit Circle to show that circles centered at the origin are symmetric about the x-axis, y-axis, and the origin.  (In other words, perform the tests for symmetry.) 

(i.e.) y-axis symmetry test:  ((x) 2 + y2 = 1  (   x2 + y2 = 1
Now, do the other two symmetries.
B. Using y-axis symmetry and the points in Quadrant I, identify below what 3 points would be in Quadrant II on Circles A and B.
Label those points accordingly on Circles A and B. 
C. Using x-axis symmetry and the points in Quadrant I, identify below what 3 points would be in Quadrant IV on Circles A and B.

Label those points accordingly on Circles A and B.
D. Using symmetry about the origin and the points in Quadrant I, identify below what 3 points would be in Quadrant III on Circles
A and B.  Label those points accordingly on Circles A and B. 
Questions to Consider 

Think about the questions before responding.  Be specific and be thorough.

a. Suppose that you did not have the Unit Circle on Circle A, but rather a circle of radius 5.  Will the angle measures in degrees and/or radians change?  Why or why not?  

b. Suppose that you did not have the Unit Circle on Circle A, but rather a circle of radius 5.  What are the x- and y-intercepts of that circle?  What are the x- and y- coordinates for the angle in Quadrant I?  (You may want to consider the square and isosceles right triangle before responding.)  

c. Consider the two points in Quadrant I on Circle B.  What is the special relationship between them?  (Consider 45(-angle, which lies on the y = x line, and the relationship between the angles whose terminal sides pass through these points.)

d. Consider the point in Quadrant I that corresponds to the angle 60( = (/3.  Examine relationship between the angle measures for those in Quadrants II, III, and IV, where the angle is reflected across the y-axis, x-axis, and the origin.  What is the reference angle for each of them?  
e. Consider the point in Quadrant I that corresponds to the angle 30( = (/6.  Examine relationship between the angle measures for those in Quadrants II, III, and IV, where the angle is reflected across the y-axis, x-axis, and the origin.  What is the reference angle for each of them?  
 Activity 4.  Using Trigonometric Functions
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Definitions of Trigonometric Functions on the Cartesian Plane

Reciprocal Identities of Trigonometric Functions
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A.  Cofunctions of Complements

Cofunctions:  
sine, cosine
tangent, cotangent
cosecant, secant

1. Using the Unit Circles A and B, find the following:

sin 30( = _______
cos 45( = _______ 
tan 30( = _______ 
sin ((/3)= _______ 
cot 30( = ______

cos 60( = _______ 
sin 45( = _______ 
cot 60( = _______ 
cos ((/6)= _______ 
tan 60( = ______
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csc ((/6) = ______
sec ((/4) = ______ 
tan ((/4) = ______ 
csc ((/3) = ______ 
tan ((/2) = ______

sec ((/3) = ______ 
csc ((/4)= ______ 
cot ((/4) = ______ 
sec ((/6) = ______ 
cot 0 = ______
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2. What do the problems above tell you about Cofunctions of Complementary Angles?

B.  Cyclic Functions

1. Using the Unit Circles A and B, find the following:

sin (-30() = _______
tan 420( = _______ 
cos (-90() = _______ 
csc ((/3)= _______ 
cot (-45() = ______

sin 330( = _______ 
tan 60( = _______ 
cos 270( = _______ 
csc (13(/3)= _______ 
cot (-765() = ______

sec (16(/3) = ______
csc (9(/4) = ______ 
tan (4() = ______ 
sin (3(/2) = ______ 
cos (-(/6) = ______

sec (4(/3) = ______ 
csc ((/4)= ______ 
tan (10() = ______ 
sin (11(/2) = ______ 
cos (11(/6) = ______

2. Look at each pair of angles above.  What do you notice about those pairs?

3. What conclusions can you draw about the trigonometric functions and how they work about the circle?

C.  Odd and Even Functions

1. Using the Unit Circles A and B, find the following:

sin (-30() = _______
tan 60( = _______ 
cos (-90() = _______ 
csc ((/3)= _______ 
cot (-45() = ______

sin 30( = _______ 
tan (-60() = _______ 
cos 90( = _______ 
csc (-(/3)= _______ 
cot 45( = ______

sec ((/3) = ______
csc (-(/4) = ______ 
sin ((/2) = ______
tan (-3(/2) = ______ 
cos (-(/6) = ______

sec (-(/3) = ______ 
csc ((/4)= ______ 
sin (-(/2) = ______ 
tan (3(/2) = ______ 
cos ((/6) = ______

cos ( = ______

cot (-(/4) = ______ 
tan ( = ______ 

sin (-5(/6) = ______ 
sec (-4(/3) = ______

cos (-() = ______ 
cot ((/4)= ______ 
tan (-() = ______ 
sin (5(/6) = ______ 
sec (4(/3) = ______

2. Recall:  Even Functions are such that f((x) = f(x).  Odd Functions are such that f((x) = (f(x).  Would you consider sine an odd or even function or neither?  Why or why not? Would you consider cosine an odd or even function or neither?  Why or why not? Would you consider tangent an odd or even function or neither?  Why or why not?

3. What does this tell you about the graphs of sine, cosine, and tangent?

4. What kind of functions do you think cosecant, secant, and cotangent are with respect to being odd, even, or neither?  Explain.
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Why doesn’t this fit here? Notice the angles.  Are they complements?


What happens?





sin ( = � EMBED Equation.3  ���		cos ( = � EMBED Equation.3  ���		tan ( = � EMBED Equation.3  ���


csc ( = � EMBED Equation.3  ���		sec ( = � EMBED Equation.3  ���		cot ( = � EMBED Equation.3  ���





Pythagorean Theorem:  x2 + y2 = r2 for a circle of radius r.


sin ( = � EMBED Equation.3  ���	cos ( = � EMBED Equation.3  ���	tan ( = � EMBED Equation.3  ���


csc ( = � EMBED Equation.3  ���	sec ( = � EMBED Equation.3  ���	cot ( = � EMBED Equation.3  ���





Note:  For the Unit Circle (r = 1)


sin ( =� EMBED Equation.3  ��� 	cos ( =� EMBED Equation.3  ���	tan ( = � EMBED Equation.3  ���


csc ( = � EMBED Equation.3  ��� 	sec ( = � EMBED Equation.3  ��� 	cot ( = � EMBED Equation.3  ���





	





	














Circle A





Scaled Right Isosceles Triangle





Scaled Right Isosceles Triangle





Right Isosceles Triangle from the Unit Square








Circle B
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